The quantum transition between shifted zero-mode wave functions is shown to be induced by the systematic deformation of topological and non-topological defects that support the 1-dim doublewell (DW) potential tunneling dynamics. The topological profile of the zero-mode ground state, ψ 0 , and the first excited state, ψ 1 , of DW potentials is obtained through the analytical technique of topological defect deformation. Deformed defects create two inequivalent topological scenarios connected by a symmetry breaking that support the quantum conversion of a zero-mode stable vacuum into an unstable tachyonic quantum state. Our theoretical findings reveal the topological origin of two-level models where a non-stationary quantum state of unitary evolution, ψ 0 +e −iE t ψ 1 , that exhibits a stable tunneling dynamics, is converted into a quantum superposition involving a self-vanishing tachyonic mode, e −E t ψ 0 + ψ 1 , that parameterizes a tunneling coherent destruction.
a. Introduction. The topological origin of quantum phase-transitions has been conjectured in many different frameworks in theoretical and experimental physics. In the phenomenological context, for instance, topological phase transitions have been considered in identifying the equivalence between the Harper and Fibonacci quasicrystals [1, 2] , in examining Golden string-net models with Fibonacci anyons [3] , in quantifying the stability of topological order of spin systems perturbed by magnetic fields [4] , and even for describing phase transitions in models of DNA [5] . Likewise, theoretical tools have been developed for describing mean-field XY models which are related to suitable changes in the topology of their configuration space [6] , for investigating the relation between the strong correlation and the spin-orbit coupling for Dirac fermions [7] , and for conjecturing that second-order phase transitions also have topological origin [8] . Also in quantum field theories [9] , tachyonic modes [10] [11] [12] can be realized by the instability of the quantum vacuum, described by the quantum state displaced from a local maximum of an effective topological potential, U (ξ). It implies into a process called tachyon condensation [13, 14] , which also exhibits a topological classification.
Notwithstanding the ferment in such an enlarged scenario, the topological classification might be relevant because it encodes the information about distortions and deformations of quantum systems. A quantum phase transition is indeed supposed to occur when a system can be continuously deformed into another system with distinct topological origins.
Our work is therefore concerned with obtaining the topological origin of quantum states, and the corresponding quantum mechanical (QM) potentials, that describe the scenario of single-particle tunneling in double-well (DW) potentials [15] .
The coherent control of single-particle tunneling in strongly driven DW potentials have been recurrently investigated as they appear in several relevant scenarios [3, 16] . Analytically solvable DW models [17] are also supposed to be prominent candidates for benchmarks of computer codes and numerical networks. Through a systematic topological defect deformation [18, 19] , here it is shown that the zero-mode stable vacuum (ground state) supported by a topological defect can be converted into an unstable (tachyonic) quantum state supported by the corresponding deformed topological defect. The topological (vacuum) symmetry breaking driven by a phenomenological parameter, σ, converts a stable (unitary and nonstationary) quantum tunneling configuration, ψ 0 + e −it/σ ψ 1 , into an unstable (non-unitary) quantum superposition involving a self-vanishing tachyonic mode, e −t/σ ψ 0 +ψ 1 . A remarkable and distinctive feature is that even with vacuum symmetry breaking, the topological origin is recovered. As a residual effect, ψ 1 becomes the novel zero-mode stable solution supported by the deformed defect. Our results reveal that the tunneling dynamics can be brought to stationary configurations that mimics the complete standstill known as coherent destruction of tunneling [20, 21] . The evolution of both non-stationary and non-unitary quantum perturbations supported by non-equivalent topological profiles are described through the Wigner's quasi-probability distribution function [22] .
b. Topological scenarios for DW potentials. Let us consider the simplest family of 1+1-dim classical relativistic field theories for a scalar field, ϕ(t, s), described by a Lagrangian density that leads to the equation of motion given by
from which, for the most of the known theories driven by V (ϕ), the scalar field supports time-independent solutions, ξ(s), of finite energy [24, 25] . The field solution stability can be discussed in terms of small time-dependent perturbations given by δ(t, s) ∼ ϕ(t, s) − ξ(s).
Rewriting Eq.
(1) in terms of ξ and δ and retaining only terms of first-order, one finds
2 )δ = 0, from which the time translation invariance implies that δ can be expressed as a superposition of normal quantum modes as δ(t, s) = n a n exp (i ω n t)ψ n (s), where a j are arbitrary coefficients and ψ j and ω j obey the 1-dim Schrödinger-like equation,
and where the quantum mechanical (QM) potential is identified by V
. Stationary modes require that ω 2 n > 0. Likewise, unstable tachyonic modes can be found if ω n ∼ iκ n , with −ω
For scalar field potentials, U (ξ), that engender kink-and lump-like structures [18, 26, 27] , the first-order framework [18, 23, 24] sets U (ξ) = z 2 ξ /2, with z ξ = dz/dξ = dξ/ds = ξ , and Eq. (2) can be written as
A simple mathematical manipulation allows one to obtain the zero-mode, ψ 0 (i. e. when ω 0 = 0), as ψ 0 ∝ ξ , which might correspond to the quantum ground state in case of ξ describing lump-like functions having no zeros (nodes). In this case, there would be no instability from modes with ω 2 n < 0, and hence building a suitable analytical model for topological scenarios turns into a simple matter of finding integrable solutions.
Given Eq. (3), the ground and first excited states of some few 1-dim quantum systems supported by (at least partially) exactly solvable DW potentials can be expressed in analytical closed forms [15] through a multiplier function constraint, α, defined by ψ 1 (s) = α(s)ψ 0 (s).
It is analogous to super-symmetric QM procedures for computing the ground state and the corresponding potential [28, 29] . Substituting ψ 1 (s) = α(s)ψ 0 (s) into Eq. (2), with n = 1, one has
and subtracting Eq. (2) with n = 0,
one obtains
with β(s) = ln(ψ 0 (s)) , and ∆ω 
where the asymmetry is determined by = 0, and γ is an arbitrary constant. Assuming a zero-mode (n = 0) state with ω 0 = 0, the ground and first excited states are obtained as
where we have assumed that ω 1 = 1/σ. The above normalized stationary states, as well as the corresponding DW potential, can be depicted in Fig. 1 , for = 0 and 3/4. By matter of convenience, the following discussion shall be concerned only with the symmetric case ( = 0). Straightforward extensions to asymmetric potentials ( = 0) are shown in the end. As previously explained, knowing the zero-mode, ψ 0 , allows for identifying the corresponding topological scenario that supports quantum perturbations for the above DW po-
it can be identified as ψ 0 ∝ ξ . Moreover, one should notice that a deformed DW model can be identified by shifting the energy of the first excited state from ω 1 to 0. In this case, one should infer the existence of a novel quantum potential, V
and therefore ψ 1 = αψ 0 implies that
The eigenfunction ψ 1 (s) is then identified as the novel zero-mode and the deformed QM potential thus supports an unstable tachyonic mode, ψ −1 (s, t), that evolves in time as a decaying state, ψ −1 (t, s) ≡ exp (−ω 1 t)ψ 0 (s). Again, the novel zero-mode, ψ 1 , allows for identifying the corresponding topological scenario for V (QM ) 1 (s). In Fig. 2 , one can depict the QM potentials,
which support the zero-modes: the primitive one, ψ 0 , and the deformed one, ψ 1 , respectively (c. f. Eq. (8)).
In the asymptotic limit of σ 2 → ∞, which corresponds to ω 1 → 0 , the potential tends to an asymptotic constant value ∼ γ 2 , along which the quoted continuous transition between can be generically written as
The deformation destroys the potential profile at the transition point, = 0, for which
We shall show that an exact deformed framework for a novel potential W (χ) driven χ,
(s) = χ /χ , can be obtained if one identifies ψ 1 as ∝ χ . The question to be posed is mainly concerned with the viability of obtaining and connecting topological scenarios that support both stable and tachyonic eigenfunctions.
c. Stable and tachyonic modes supported by deformed defects and related quantum transitions. Suitable techniques have been suggested to study and solve non-linear equations through deformation procedures. In particular, obtaining static structures of localized energy through deformed defects allows for modifying a primitive defect structure -for instance, the kink defect from the λφ 4 theory -by means of successive deformation operations.
Let us then consider a sequence of defect deformation involving two different topological scenarios, namely ξ(s) and χ(s), with s as the spatial coordinate, in a way that the deformation procedure is prescribed by the following first-order equations [18, 19, 26, 27] ,
where ξ φ , χ φ , and χ ξ are invertible deformation functions such that ξ φ χ ξ = χ φ , with subindices that stand for the corresponding derivatives. The BPS framework [18, 23, 24] states that derivatives of auxiliary superpotentials, z ξ , w χ , and y φ , through Eqs. (13) can be used to build a deformation chain as
Turning back to our QM problem, one can assume that α(s) (c. f. Eq. (7)) corresponds to a deformation function,
. Thus, according to Eq. (13), the following deformation chain can be established, ψ 1 ∝ χ ≡ w χ = χ ξ z ξ = αz ξ ≡ αξ ∝ αψ 0 , and one obtains analytical expressions for z ξ and w χ as functions of φ ≡ φ(s). Once the primitive defect, φ, is identified as the kink of the λφ 4 theory, i. e. φ(s) = ± tanh(s) and y φ = φ =
(1 − φ 2 ), one obtains two first-order differential equations,
which are obviously constrained by α(φ) = χ ξ . Finally, the analytical results for (ξ, z 2 ξ /2) and (χ, w 2 χ /2) as functions of φ allows one to straightforwardly obtain an analytical parametric representation for U (ξ) and W (χ), respectively, the topological potentials that support the quantum dynamics driven by V and w χ (φ) = φ z ξ (φ), (16) and, after integrating Eqs. (15),
where we have suppressed the normalization constant, N , from the notation. For γ = 2, one has α(φ) = 2φ/(1 + φ 2 ) that gives
and, after integrating Eqs. (15),
The BPS potentials, U (ξ) and W (χ), for both examples can be depicted in the first row of To investigate the tunneling dynamics of both stable, Ψ S , and unstable, Ψ U , configurations, the phase-space representation of quantum dynamics may be a kind of elucidative in identifying quantum transitions, as one can notice from the Wigner quasi-probability distribution depicted in Fig. 4 as given by 
